We show how some special production matrices may be used to define families of generalized Eulerian triangles. We furthermore show that these generalized Eulerian triangles are the coefficient arrays of polynomials which are the moments of families of orthogonal polynomials. Using the previously defined T transform, we associate these generalized Eulerian triangles to triangles defined by Catalan generating functions. Again, these new triangles are the coefficient arrays of polynomial moment sequences. The main tools used are the Sumudu transform, Jacobi continued fractions and Riordan arrays.
The generating function of the Catalan numbers C n = 1 n+1 2n n will be denoted by c(x). We have
Integer sequences will be referred to by their Annnnnn in the On-Line Encyclopedia of Integer Sequences [19, 20] .
Introduction
The three Eulerian triangles of type A, which we shall denote by E 1 , E 2 and E 3 , have bivariate generating functions, respectively, of 1 − r e rt − re t , (1 − r)e rt e rt − re t , and (r − 1) 2 e (r+1)t (e rt − re t ) 2 .
For instance, E 3 is the centrally symmetric (or Pascal-like) triangle that begins These are, respectively, A173018, A123125, and A008292. These generating functions are exponential in t and ordinary in r. For each of these generating functions, we calculate the Sumudu transform (in t) of its reciprocal (multiplicative inverse). We obtain, respectively, the following ordinary generating functions 1 − (r + 1)x (1 − x)(1 − rx) , 1 − x 1 + (r − 1)x , and 1 − (r + 1)x + 2rx
These are the generating functions of the three number triangles that begin, respectively, as 
We call these triangles T 1 , T 2 and T 3 , respectively. With regard to T 3 , we note that
Thus the general term of T 3 is given by
The Eulerian numbers of type B A060187 have generating function
(1 − r)e 
We again take the Sumudu transform of the reciprocal of the above generating function to get
This is the generating function of the triangle T B that begins 
This is equal to
We calculate the production matrices of the triangles T 
In each case, the structure is that of an initial column, followed by alternating columns that are the same (subject to shifting). They can be seen as generalizing the production matrices of ordinary Riordan arrays. We shall use this structure in the next two sections to define generalized Eulerian triangles of type A and B.
Generalized Eulerian triangles of type A
To generalize E 3 , we generalize the production matrix
to get the parameterized triangle that begins
We find that only for a = 0 and a = 2 is the resulting triangle (the inverse of the triangle with the given production matrix) centrally symmetric. The case a = 2 is the case of E 3 .
Proposition 1. For a = 0, the resulting triangle (the inverse of the triangle with the given production matrix) is the Riordan array
Proof. This follows immediately since the production matrix takes the form
Corollary 2. The triangle defined by a = 0 has bivariate generating function
Proof. The generating function of the Riordan array
is given by
Proposition 3. The reciprocal of the inverse Sumudu transform of
Proof. Direct calculation.
We can now define the generalized Eulerian triangle corresponding to a = 0 to be the triangle with generating function e t(y−1) (y − 1) y + 1 − 2e t(y−1) . This triangle begins are the moments for the family of orthogonal polynomials whose coefficient array is given by
t − e ty 2e ry − e t (y + 1)
.
Proof. We must show that the production matrix of the exponential Riordan array e t(y−1) (y − 1) is tri-diagonal. We find that A(t) = (1 + 2t)(1 + (y + 1)t), Z(t) = (y + 1)(1 + 2t).
Thus the production matrix is tri-diagonal, as required. Proof. This follows from the form of A(t) and Z(t).
In the Deléham notation, the above triangle is given by The corresponding triangle A114608 (the coefficient array of the moment polynomials) begins
This counts the number of bi-colored Dyck paths of semi-length n and having k peaks of the form UD (Deutsch, [19] ). In the Deléham notation, this is The inverse of this matrix, or
is the moment matrix for these polynomials. The moments have generating function
Generalized Eulerian triangles of type B
In this section we start with the production matrix that begins
This produces a matrix whose inverse begins
This triangle has generating function
For a = 3 and b = 4, we recover
Taking the reciprocal of the inverse Sumudu transform of this generating function, we obtain the follow bivariate exponential generating function.
This expands to give the triangle that begins
10a − 5b + 13 5a + 8 1 0 5a 2 − 10ab + 28a + 5b 2 − 28b + 24 10a 2 − 10ab + 74a − 46b + 68 5a 2 + 64a − 18b + 65 18a + 22 1
We call this the generalized Eulerian triangle of type B defined by the (a, b)-parameterized production matrix. 
The inverse of this array is the corresponding moment matrix, which is given by
Proof. We must show that the production matrix of the moment matrix is tri-diagonal. This is so since we find that 
The generating function of this triangle is c(x(r + 1)(1 − rx)). The initial column consists of the Catalan numbers. The row sums are given by r = 1, and thus they have generating function c(2x (1 − x) ). The row sums A118376 begin 1, 2, 6, 24, 112, 568, 3032, 16768, . . . .
They count the number of all trees of weight n, where nodes have positive integer weights and the sum of the weights of the children of a node is equal to the weight of the node. 2 )). When r = 1, we get c(2x). Thus the row sums of this triangle are 2 n C n A151374. We have the following result, which follows from standard techniques of Riordan arrays applied to orthogonal polynomials.
Proposition 10. The generating function T (G(x, r; a, b) ) is the generating function of the coefficient array for the moment polynomials of the family of orthogonal polynomials whose coefficient array is given by the ordinary Riordan array The corresponding moment array is given by T (G(x, r; a, b) ), x 1 − 2(r + 1)x c x 2 ((r + 1)(a + 1) − b) (1 − 2(r + 1)x) 2 .
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